Introduction
The most interesting and widely studied 2-designs with λ = 1 admitting Γ ∼ = PSU (3, q) as an automorphism group are the classical unital U of order q and the Desarguesian plane of order q 2 in which U is naturally embedded. Two infinite classes of 2-((q 3 − q 2 + 1)q, q, 1) designs and 2-((q 3 − q + 1)q 2 , q 2 , 1) designs, both resolvable and admitting Γ as an automorphism group, were constructed by Schulz [5, 6] in the seventies.
In this paper, for each q = 2 m , m ≥ 1, we construct a new infinite class of 2-(q 4 + q + 1, q + 1, 1) designs D(q) admitting Γ as an automorphism group. Such a class of 2-designs have interesting properties: they contain embedded Desarguesian planes of order q, and a Γ -invariant oval. In particular, they are the first example of non-symmetric 2-designs, with λ = 1, containing an oval.
In [2] Biliotti and Korchmáros classified the collineation groups of a finite projective plane Π of even order which are strongly irreducible on an oval O. Among their results, the authors proved that if there exists a plane Π admitting Γ as a group of collineations, then q = 2 m and there is a remarkable point-subset D Π (q) of Π, that together with the lines of Π secant to D Π (q), is a 2-(q 4 + q + 1, q + 1, 1) design admitting Γ as an automorphism group. Our class D(q) shows that 2-designs of type D Π (q) actually exist.
Preliminaries and results
Let us recall some information on the structure of Γ and its action on the classical unital U of even order q, which are essentially contained in [4] . The stabilizer in Γ of a point P of U is the normalizer N Γ (T ) of a Sylow 2-subgroup T in Γ . The group N Γ (T ) is isomorphic to the semidirect product of T and Z (q 2 −1)/d , where Z (q 2 −1)/d is a cyclic group of order (q Table 1 Definition of I ij . Table 2 Definition of the incidence relation for (P , L).
Γ , since all involutions in Γ are conjugate and since [Γ : 
and hence of Γ , of order either 2(q + 1) or 2(q − 1) containing both σ 1 and σ 2 . 4. Each involution in ⟨Z(S), Z (T )⟩ − Z (S) lies in exactly one dihedral group of order 2(q − 1) whose cyclic stem is contained in the normalizer of
More information on the structure of Γ can be found in [4] . Let Q and R be two fixed elements D + (Γ ) and D − (Γ ), respectively. The above argument yields
i,j=1 I ij , where the I ij 's are defined in Table 1 .
We now define an incidence structure with P and L as sets of points and lines, and whose incidence relation I is described in Table 2 .
Then D(q) = (P , L, I) is an incidence structure. Table 2 , then each line of L 3 is incident with exactly q + 1 points of P . Each line of L 1 is a dihedral group of order 2(q + 1) and hence contains exactly q + 1 involutions. Thus each line of L 1 contains exactly q+1 points of P , as I 21 = I 31 = ∅ by Table 2 . Finally, let X be any element of L 2 . As X ∼ = D 2(q−1) , then X contains q − 1 elements of I(Γ ). The cyclic stem of X fixes exactly two points on the classical unital, and hence it normalizes exactly two conjugates of N Γ (T ). Thus X is incident with exactly two points of P 2 . Therefore, each line of L 1 contains exactly q + 1 points of P , as I 32 = ∅. So, each line of L is incident with exactly q + 1 points of P .
Let P 1 , P 2 be two distinct points of P . Now, we are going to show that they are incident with a unique line of L. The assertion obviously follows by definition of I, if either one of P 1 , P 2 is Γ , or P 1 , P 2 are commuting elements of P 1 . Thus, we may assume that these cases do not occur. Suppose that P 1 = σ 1 and P 2 = σ 2 are elements of P 1 . Then any line incident with P 1 and P 2 lies in D + (Γ ) or in D − (Γ ). By (3) there is a unique element of D + (Γ ) ∪ D − (Γ ) containing both σ 1 and σ 2 , and we have the assertion.
Assume that P 1 ∈ P 1 and P 2 ∈ P 2 , and let P 1 = σ and
a is the unique line incident with P 1 and P 2 . Hence, let S ̸ = T a . By (4) Finally, assume that P 1 , P 2 ∈ P 2 . A line incident with P 1 , P 2 must lie in L 2 . By (2) there is a unique line incident with P 1 and P 2 . Therefore D(q) = (P , L, I) is a 2-(q 4 + q + 1, q + 1, 1) design, which clearly admits Γ as an automorphism group.
A set of n points of a 2-(v, k, 1) design such that no three of them are collinear is said to be an n-arc. When v −1 is even an upper bound for n is given by r + 1, where r =
. In this case, an (r + 1)-arc is said to be an oval of the design (e.g. see [1] ). Corollary 2. The subset P 2 ∪ P 3 is an oval of D(q).
Proof. Let P 1 , P 2 , and P 3 be any three collinear distinct points of P 2 ∪ P 3 . As P 3 = {Γ }, then at least two of them, say P 1 , P 2 , lie in P 2 . Then P 1 = N Γ (T ) g 1 and P 2 = N Γ (T ) g 2 for some g 1 , g 2 ∈ Γ . From Theorem 1 there is a unique line z of D(q) which is incident with P 1 , P 2 . From Tables 1 and 2 it follows that z actually lies in L 2 , and hence z is a dihedral subgroup of Γ of order 2(q − 1). As z is incident with q − 1 points of P 1 , then P 1 and P 2 are the unique points of P 2 incident with z. Therefore P 3 ∈ P 3 , and we obtain a contradiction since I 32 = ∅ by Table 2 . Thus P 2 ∪ P 3 is an oval of D(q). 
Thus K fixes q+1 lines of L 3 , q+1 points of P 2 , and (q+1)(q−1) points of P 1 . Therefore, K fixes q 2 +q+1 points of D(q), as K also fixes P 3 . Since k = q + 1, for each line containing two points of Fix(K ), the group K fixes the remaining q − 1 points. Hence Fix(K ) is a projective plane of order q with respect to the incidence relation inherited from D(q). Since N G (K )/K ∼ = PGL(2, q) acts 2-transitively on P 2 ∩ Fix(K ), and since P 2 ∩ Fix(K ) is an oval of Fix(K ) by Corollary 2, then Fix(K ) ∼ = PG(2, q) by [3] .
Assume that Γ ∼ = PSU (3, q) , q = 2 m , m ≥ 1, has a strongly irreducible action on an oval O of a projective plane Π of even order; that is, Γ does not fix any point, chord or suboval of O. Let P Π = E ∪ J ∪ {N}, where E is the set of centers of elations in Γ , J is the set of tangency points in O of elation axes, and N is the knot of O. Furthermore, let L Π be the set of lines of Π which are secants to P Π , and let I Π be the incidence relation of Π. Although it is not explicitly mentioned, Proposition 10 of [2] asserts that the incidence structure D Π (q) = (P Π , L Π , I Π ) is a 2-(q 4 + q + 1, q + 1, 1) design admitting Γ as an automorphism group. It is easy to see that D Π (q) is isomorphic to the design D(q) constructed here.
